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Abstract 



The generalized metric is a T-duality covariant symmetric matrix constructed from the 
metric and two-form gauge field and arises in generalized geometry. We view it here as 
a metric on the doubled spacetime and use it to give a simple formulation with manifest 
T-duality of the double field theory that describes the massless sector of closed strings. 
The gauge transformations are written in terms of a generalized Lie derivative whose 
commutator algebra is defined by a double field theory extension of the Courant bracket. 
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1 Introduction 

The remarkable T-duality properties of string theory jl] have motivated much study of field 
theory models that may incorporate such properties. Double field theory [2], [3l H] is a field 
theoretic approach inspired by closed string field theory [5l [6j that focuses on the gravity an- 
tisymmetric tensor, and dilaton fields. These fields depend on a doubled set of coordinates: 
coordinates associated with momentum excitations and coordinates associated with wind- 
ing excitations. The closed string theory constraint Lq — Lq = has implications: the fields 
and gauge parameters of doubled field theory must be annihilated by the differential operator 
did^, where a sum over i is understood. Double field theory remains to be fully constructed; 
the work in [2] gave the doubled action only to cubic order in the fluctuations of fields around 
a fixed background. Noteworthy early work in double field theory includes that of Tseytlin [7] 
and Siegel [8],[9]. Indeed, some of our results are closely related to the results of Siegel [Hl|9]. 

In a recent paper we imposed a stronger form of the constraint did^ = and constructed 
a manifestly background independent double field theory action for £ij = gij + bij, with i,j = 
1, 2, . . . , D, and the dilaton d. The action takes the formjl] 

^Our notation can deal with a theory with both compact and non-compact directions. The spacetime has 
dimension D — n + d and is the product of n-dimensional Minkowski space and a torus T'^. Although 
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S = [ dxdx e-^" \ - \ g'^g^' V^E^i V,S,, + -a^' {V^S,kV'8,i + V^S^, &Sij) 
J I A 4 ^ 

+ [V'd &£ij + V'd V^Sji) + AV'dVid ' 
where the calhgraphic derivatives Vi and Vi are defined by 

OX^ OXk OX^ OXk 

This action is T-duahty invariant. More precisely, it is invariant under the non-hnear 0{D,D) 
transformations 

S'{X') = {aS{X) + b){cS{X) + dy\ d'{X') = d{X) , X' = hX . (1.3) 

Here we have used matrix notation for the S field, a, b, c, d are the D x D blocks of an 0{D, D) 
matrix h, 

^=(c d) ^^(^'^)' ^*^^ = ^ ^it^ ^=(? J)' (1-4) 
and the coordinates have been grouped into the 0{D, D) vector 

^^^ = f2V ^M = f?V (1.5) 



X') ' \di^ 

0{D, D) indices M, are raised and lowered with the constant 0{D, D) invariant metric 

Vmn = (J • (1-6) 

If some of the coordinates are compact, the symmetry 0{D, D) is broken to the subgroup pre- 
serving the periodic boundary conditions. Each term in the action (11. ip is separately 0{D,D) 
invariant. As explained in |3l [2] this result largely follows from consistent index contractions. 
Although we do not display them explicitly, there are two types of indices: unbarred and barred. 
The first index in Sij is viewed as unbarred and the second index is viewed as barred. The index 
in Vi is viewed as unbarred and the index in f>i is viewed as barred. Finally the indices in g^^ can 
be viewed either as both unbarred or as both barred. Any term in which all contractions can be 
viewed as contractions of like-type indices is 0{D,D) invariantEl While the 0{D,D) transfor- 
mations are global, the various ingredients in the action {g^\ V£, T>£, Vd, T>d) transform by the 
action of matrices that involve the field S and thus do not define linear representations of the 
0{D,D) group. The barred/un-barred structure originates from the left/right factorization of 



we write 0{D,D) matrices, the ones that are used describe T-dualities that belong to the 0{d,d) subgroup 
associated with the torus. 

^Also needed is that each £ field appear with one calligraphic derivative. If more than one derivative is used 
on a field, one must employ the 0{D, D) covariant derivatives discussed in [3]. 
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closed string theory and its geometric significance will be discussed in section 5. The 0{D, D) 
symmetry is not manifest because the action does not use conventional 0{D,D) tensors that 
carry 0{D, D) indices (M, iV, . . . = 1, 2, ... , 2D). Since d^^dM = 2did\ the constraint on all 
fields and gauge parameters is 0{D,D) invariant. 

The action (11. II) is also invariant under gauge transformations with a gauge parameter 



These parameters depend on both x and x coordinates. The gauge transformations take the 
form 



Here ^^^Om = C^i + ^id^ and Dm^^^ = dii^ + d^ii- The invariance of the action (II. ip requires 
a strong version of the constraint: O^^Om must annihilate all possible products of fields and/or 
gauge parameters. This constraint is so strong that it implies that the theory is not truly 
doubled: there is a choice of coordinates (x',a;'), related to the original coordinates {x,x) by 
0{D,D), in which the doubled fields do not depend on the x' coordinates |3]. This means that 
we then have a field theory on the subspace with coordinates x' in which the gauge symmetry 
reduces to diffeomorphisms and 6-field gauge transformations on that subspace. 

Even though the theory it is not truly doubled, the action (II. ip is interesting because it 
exhibits new structures and has some properties that are expected to persist in the - yet to be 
constructed - general double field theory. It is a natural action for the field Sij and inherits 
from string theory a left-right structure that is not present in the usual formulation. The gauge 
algebra is defined by the Courant bracket, or more precisely, an extension appropriate for 
doubled fields. Furthermore, the action (II. ip . expanded to cubic order in fluctuations around 
a flat background is fully gauge invariant to that order without imposing the strong version of 
the constraint: only the weak constraint is needed. We believe that the general theory should 
be some natural generalization of the theory discussed here. 

The gauge invariance of the action (II. ip is not manifest and was verified in [4J through 
an elaborate and lengthy calculation. The above gauge transformations can be rewritten in 
suggestive ways but remain mysterious. In this paper we provide an equivalent form of the 
action (II. ip for which the proof of gauge invariance is significantly simplified. Even the 0{D, D) 
invariance will be simpler: all objects will transform in linear representations. 

The key object in the new construction will be the so-called "generalized metric". This is a 
2D X 2D symmetric matrix constructed from the Dx D metric tensor Qij and the antisymmetric 
tensor 6^ with the remarkable property that it transforms as an 0{D,D) tensor. The explicit 




(1.7) 



5d =~dMe' + e'dMd. 



(1.8) 
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form of the generalized metric isl^ 



^hkg^^ g-ij - bikg%j) ' ^^'^"^ 

The non-hnear 0{D, D) transformation fll.3p of the fields g and h implies a simple transforma- 
tion for Umn- Writing X' = hX as X'^ = h^^ one finds: 

h'^Mh'^N'H'pQiX') = -HMNiX), (1.10) 

so that T-Lmn is an 0{D, D) tensor, as indicated by the indices M, N . 

The matrix ( II .Op appeared in the early T-duality literature. It defines the first-quantized 
Hamiltonian for closed strings in a toroidal background with constant metric and antisymmetric 
tensor fields [TOl|TT]. Such matrices parameterize the coset space 0{D, D)/0{D) x 0{D), and 
so arise in the toroidal dimensional reduction of supergravity and string theories whose moduli 
take values in this coset [121 1131 [II]- 

The doubled space then has two metrics, the constant tjmn with signature {D, D) and the 
metric 1-Lmn which incorporates the dynamical fields and is positive definite if gij is. Throughout 
this paper, we will always use the metric 'r]MN and its inverse t]^^ to lower and raise indices. 
Raising one or both indices with r] defines the new tensors and n- A striking feature 

of matrices of the form (11. 9p is that 'H^^ is the inverse of 1-Lmn'- 

n^'^'-HpN = . (1.11) 

Then Hmn can be viewed as a metric on the doubled space that satisfies the constraint that 
its inverse is 7/^^^ = rj^^^T-Lpgr]^^ . We define the matrix S whose components are 



^% = n^M = r/^^T^P^ = . (1.12) 



The matrix S satisfies 



= 1, (1.13) 



so that S is an almost local product structure, or almost real structure on the doubled space. 
It has D eigenvalues +1 and D eigenvalues —1, and is an element of 0{D, D): 

S'r]S = r] . (1.14) 

In the mathematical literature, the generalized metric and the Courant bracket are key 
structures in generalized geometry [T5l [T6l [T7] . In this geometry the coordinates of the spacetime 
manifold M are not doubled, rather, the tangent bundle T of M and the cotangent bundle T* 
of M are put together to form a larger bundle E = T (BT* (or a twisted version of this bundle). 



^Note that this form follows from our convention X^'^ — {xi^x^). Some papers use the opposite conventions 
with X^'^ = {x^^Xi), which would then lead to an expression for the generalized metric related to ours by 
swapping rows and columns. 
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Sections of this bundle E are the formal sums X + ^ of vectors X and one-forms ^. There is 
a natural (indefinite) metric r] on sections of E given by {Xi + C,i,X2 + ^2) = -^^1*^22 + -^2^ii- 
Introducing a metric g and 2-form 6 on M allows the definition of tensor fields H and S by 
the formulae above. The tensor S defines a splitting E = C+ © C_ such that (■, ■) is positive 
definite on C+ and negative definite on C_. The spaces C± are eigenspaces of the matrix S 
with eigenvalues ±1. Gualtieri [12] referred to S as the generalized metric. In [TS], it was 
suggested that the term generalized metric be used instead for Hmn- The generalized metric 
is then a 2D x 2D matrix field on the D dimensional space M and a metric on sections of E. 
In the context of doubling, however, it was proposed in [18] that the generalized metric be 
used as a conventional metric on the 2D dimensional doubled space. In this context the name 
'generalized metric' is a misnomer and Hmn is better regarded as a conventional metric on the 
doubled space satisfying the constraint (II. lip . We will follow [18] and the subsequent literature 
and continue to refer to the metric Hmn on the doubled space as a generalized metric. 

In this paper we present a double field theory spacetime action based on the generalized 
metric which is a rather nontrivial and surprising rewriting of (11. ip . The action is built using 
the 0{D,D) tensors Ti^^^, Hmn, and the derivatives Om and is a rather simple and natural 
expression: 

J ^8 2 (1_15) 

- 2 dMd dNH''''' + AH''''' dMd dNd ) . 

This action is manifestly 0{D, D) invariant because all 0{D, D) indices are properly contracted. 
The factor e"^*^ tranforms as a density under gauge transformations and a scalar under 0{D, D) 
transformations. Most directly, we view the above action as an action for g, b and d fields, in 
which g and b enter through Ti. With this identification the Lagmngians associated with (11. ip 
and (ll.lSp are in fact identical. Alternatively, and more intriguingly, one may view 1-i as an 
elementary constrained field with a natural geometric interpretation. 

The action (ll.lSp is gauge invariant provided the strong constraint is imposed. The dilaton 
gauge transformation in (II. 8p is already in 0{D,D) covariant notation. For 7{*^^ we find 

^^^MN ^ fOp'H'''' + {d^'^p - dpe') + (S^^p - 5pe^) n'''' . (1.16) 

This transformation looks like a diffeomorphism in which each index gives a covariant and 
contravariant contribution. We can view the above right-hand side as the generalized Lie 
derivative of f^*^^ and write 

We can indeed define the action of on an arbitrary generalized tensor A^^j^^'^'" consistently 
with the derivation property. The algebra of gauge transformations in the theory becomes 
the commutator algebra of the generalized Lie derivatives. The commutator of generalized Lie 
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derivatives is in fact a generalized Lie derivative. Indeed, making use of the strong form of the 
constraint, we show that 

where the C bracket [■ ,-]c is defined by 

[6,6]c - ef^^e^T -^^f 5*^61 P, (1.19) 

with [ij] = ij — ji. The C bracket, introduced by Siegel in [S], was recognized in [3] as the 
0{D, D) covariant extension of the Courant bracket for doubled fields. As we shall discuss, our 
generalized Lie derivatives are closely related to those of |8] and [19]. 



2 0{D,D) and the generalized metric 

In this section we summarize some well-known facts about the 0{D, D) group, its Lie algebra, 
and the generalized metric. Some of these facts were already mentioned in the introduction. 
We define 0{D, D), as in (11. 4p . as the group of 2D x 2D matrices h satisfying 

h*r]h = T], (2.1) 

and consequently = rj^^h^rj . The associated Lie algebra generators T satisfy T^r] + rjT = 0. 
More explicitly, 

T=^ ^ — )■ 7,/3, antisymmetric and 5 = —a* , (2.2) 

giving a total of 2D^ — D parameters. 

Raising the indices on the generalized metric (II. 9p gives 

^MN ^^MP^NQy^^^_ (2.3) 

It will be convenient to use an index-free matrix notation. We will write H to denote the matrix 
whose components are 7/^^^ : 

n = H", (2.4) 

with the heavy dots indicating the index positions. We write t] to denote the matrix whose 
components are rjMN and S to denote the matrix whose components are S^'^ n- 

V = v., S = S\. (2.5) 
In this notation (I1.12p is written as 

S = Ut]. (2.6) 
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It follows from (El, (El, and (O]) that 

'g - bg-^b bg-^ 
-g'^b g 



n = X U ) • (2-7) 



The matrix % is symmetric ("H* = l-L) and satisfies 

y^r]n = r]-\ (2.8) 

so that its inverse is 

-H-i = 7]n'r] = r]'Hr] . (2.9) 

Then T-t, with components "H^^^, is the inverse of the generalized metric with components Hmn, 
which we denote "H^^ so that (II. lip becomes l-CH^^ = 1. One can check explicitly that the 
matrix in (12. 7p is indeed the inverse of the matrix in (II. 9p . 

Since the entries of the matrix r/"^ coincide with those of the matrix t] and H is symmetric, 
H satisfies the defining condition (12. ip for 0{D,D). We will then refer to a symmetric matrix 
"H that satisfies the constraint (12. 8 p as being a (symmetric) 0{D, D) matrix. Strictly speaking, 
this is an abuse of language as "H has upper indices 'H^^ while group elements have mixed 
indices /i^^at- The fact that 7/ is a symmetric 0(Z), D) matrix can be seen explicitly by writing 
1-i as the product of three simple 0{D,D) matrices: 

The construction of "H and its remaining properties are motivated by the action (II. 3p of /i G 
0{D,D) on S. We have S' = h{S) = {aS + b){cS + d)~\ Let hs be the 0{D,D) transformation 
that creates S starting from the identity backgrouncj^ S = X, where X is the unit matrix 
Xij = 6ij, so that it satisfies S = hgiX). Such a transformation is given by 



he=\^ , (2.11) 




where we have introduced a vielbein e for the metric, so that 

g = eeK (2.12) 

Indeed we easily confirm that, as desired, 

hsiX) = (eX + fe(e*)-i)(0 ■ X + (e*)-^)-^ = (e + 6(e*)-i)e* = ee* + b = g + b = S. (2.13) 

The matrix is not uniquely defined; right multiplication by the 0{D) x 0{D) subgroup of 
0{D, D) that leaves the background X invariant gives another transformation with the desired 
properties. 



"^For simplicity we give the argument for Euclidean signature. For Lorentzian signature, we take I as the 
Minkowski metric and g ~ ele*. 
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Let us now consider the group action on h^. Consider an 0(-D, D) transformation h taking 
£io£' = h{S). We then have h£,{I) = £' = h{h£{X)) = {hh£){X). We thus deduce that 

h: hs-^hs, = hhs . (2.14) 

We now define the symmetric 0{D,D) matrix 

H{S) = hsh'^. (2.15) 

Here H is in 0{D,D) because both and h^^ are. Moreover, the 0{D) x 0{D) ambiguity in 
h£ drops out of H. A quick computation confirms that this agrees with 02.71) : 

■H{S) = 

It follows from f l2.14p and (12.151) that under a transformation h G 0{D,D) such that S' = hS 
we get the following transformation of Ti: 

n{£') = hniS) h' . (2.16) 

We note that Ti at any point X is a symmetric 0{D,D) matrix (i.e. a symmetric matrix 
satisfying (12. 8p ) that is in the component of the 0{D, D) group connected to the identity. The 
formula for "H in terms of g and 6 is a useful parameterization of this symmetric 0{D,D) 
matrix. We can readily check that the counting of degrees of freedom works out. This is most 
easily done near the identity, using the Lie algebra results. If h = 1 + eT is to be symmetric 
then we get that a is symmetric and 7 = — /3, referring to the notation in (12. 2p . Thus the whole 
T is characterized by a symmetric a and an antisymmetric /3. This is precisely parameters, 
the same number of parameter as in 

The 0{D,D) indices make the transformation properties manifest. For an 0{D,D) vector 
V^^ and an 0{D, D) element h we have a transformation 

^'^^ = /,%V^^. (2.17) 

An upper index M runs over 2D values, the first D of them described with a lower roman index 
i and the second D of them with an upper roman index i: 

V'' = {v,,v'). (2.18) 

The indices i,j = 1,...,D label representations of the GL(i5,M) subgroup of 0{D,D). The 
components Vi and f * are independent. For lower 0{D, D) indices we have 

UM = iu\u,). (2.19) 

In summary we can write ^ = (i , *) and m = { \ i)- The matrix /i^^at, for example, has 
components 
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We can view H as a tensor with two upper 0(D, D) indices because the transformation 
fl2.16p imphes that: 

7/'*'^(X') = h^'p h'^Q H'^'^iX) . (2.21) 
We thus identify the Ti matrix with H^^^{= "H^*^) as 

\Wj V -g'^hj g'' J ' ^ ■ ^ 

The symmetry Ji^'^^ = -^^^f jj-Qpijgg ^j^^t 

Hij = 'Hji , 7^*"' = 7/"'* , = 7/"'j . (2.23) 
The relation rj'Hrj = in (12.91) with 0(D, D) indices is 

{n~^)MN = VMPn'"^VQN = y-MN , (2.24) 

so that I-Lmn is indeed the inverse of "H*^^. The generahzed metric is 

Hmn = {n'^'^y' = (/\, ) . (2.25) 

\bikg^^ gij - hikg^%J 

3 Gauge symmetry and Courant brackets 

In this section we will show that the gauge transformations (11. Sp . which are non- linear when 
written in terms of £ij, act linearly on the 0{D,D) covariant matrix "H^^^ introduced above. 
This linear form of the gauge transformations naturally suggests a notion of generalized Lie 
derivative, for which a tensor calculus can be developed. This simplifies the proof of gauge 
invariance to be undertaken in the next section. Finally, the closure of the gauge algebra 
according to the Courant bracket will be checked in this formulation. 



3.1 Gauge transformations of the generalized metric 

The gauge transformations (II. 8p take a highly non-linear form when written in terms of the 
fundamental fields Sij = gij + bij. Writing out 6Sij using the definition (II. 2p of calligraphic 
derivatives one determines the transformation of S^gij (from which 6g^^ follows) and the trans- 
formation 6^bij. The results are 

S^gij = Li.g,j + L-^gij + {p^i^ - d^i^) {gki bji + gkj bu) , 

5^g^^ = C^g^^ + C^g^^ - [{&e - ~d''C)g%k + (^ ^ j) ] , (3-1) 
5^bij = C^h, + C^b,, + di, - + g,k{d'e - d\')gij + kk{d'e - 8"^%^ . 
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Here we use the Lie derivatives with respect to and dual Lie derivatives with respect to ^j. 
Their definition on tensors with arbitrary number of upper and lower indices follow from 

...... .. . (3.2) 

It is of interest to determine the gauge transformations of the (inverse) generalized met- 
ric "H*^^. The direct computation gives a remarkable result: the gauge transformations of "H*^^ 
implied by ( 13. ip are linear in . Indeed, we find 

8%i^ = C^H,j + C(H^, + [{dip - dii^w, + (^ <^ j) ] , 

= C^W^ + C(H'^ + [{d'i'p - d^C)Wp + {i ^ ])] , (3.3) 
5Wj = C^Wj + qWj + {d'e - dPC)'Hpj + {djip - dpQW^ . 

We sketch the proof of the first relation in (13. 3p . For this we rewrite (13. ip with a separation of 
terms 6^ that are quadratic in the fields: 

S^gij = C^gij + C^Qij + S^Qij , 

5^g'^ = C^g'^ + C^g^^ + 5^g^^ , (3.4) 
5^hj = C^bij + C^bij + dilj - djli + 5(hij . 

The expressions for 5^ on the fields follow directly by comparison with (13. ip . In the computa- 
tion of 

5(Hij = {gij - bikg%j) , (3.5) 

the terms in the gauge variations of fields that consist of Lie derivatives combine to form the 
Lie derivatives of Tiij. We thus find 

6^H., = C(H^, + Cm^, - {diu - dk^^)g%, - hkg''{dij - d,li) + 6(H,, 

. . . . . (3.6) 

= C(H-,, + C(H,, + mp - dpi,)W, + {d,ip - dpQW, + 5{H^J , 

where we have used (I2.22p to identify components of 'H^^^ and have relabeled the indices. A 
direct computation then shows that: 

5{H,, = = 0. (3.7) 

This completes the proof that the gauge transformation is linear in "H. The other relations in 
(13. 3p follow similarly. The linear part of the above computation essentially coincides with the 
analysis of [12] , but the remarkable cancellation of the non-linear terms is only visible once the 
dual derivatives 9* enter. 
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The transformations fl3.3p can be written in a manifestly 0{D,D) covariant form and the 
result is rather simple: 

The first terms are the standard diffeomorphism terms, while the remaining ones are novel and 
responsible for closure into the C bracket. If we use the notation d^^ = rj^^^ On^ C,m = Vmn^^ , 
etc., these gauge transformations can be rewritten in a even more suggestive form as 

^^^MN ^ ^Pg^-UMN _ Q^^M ^PN _ g^^N ^MP ^ gM^^ ^PN ^ qN ^MP (3 

It looks like a diffeomorphism which democratically treats the indices both as covariant and 
contravariant and can be seen as a generalized Lie derivative which we consider in more detail in 
the next subsection. Another convenient rewriting that groups the covariant and contravariant 
action on each index is 

^^^A/iV ^ ^PQpy^MN ^ ^gM^^ _ g^^M^y^PN ^ ^gN _ dpC'')n'''' . (3.10) 

The gauge invariance has the usual gauge invariance: gauge parameters of the form = d^x 
generate no gauge transformations: Sg^Ti^^^ = 0. This is readily verified in the equation above 
using the strong form of the constraint. 

3.2 Generalized Lie derivatives and Courant brackets 

The transformation of 7/^^^ in fl3.10p involves an operation similar to a Lie derivative. This 
motivates the definition of a generalized Lie derivative £ of a generalized tensor which has upper 
and lower indices Aj^^'^'". For a tensor the generalized Lie derivative is defined to be 

C^Am"" ^ ^''dpAM'' + {dM^ - d'^iM) Ap^ + (9^ep - dpe)AK/ . (3.11) 

For multiple indices the generalized Lie derivative is defined analogously: each index gives rise 
to two terms. With such definition we immediately recognize that the gauge transformation 
fl3.10p of the generalized (inverse) metric is simply a generalized Lie derivative: 

The generalized Lie derivative differs from the conventional Lie derivative by terms that involve 
explicitly the 0{D,D) metric 



(3.13) 



With the definition (13. lip is a derivative satisfying the Leibniz rule. 
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so that it is consistent to regard products of generalized tensors are generalized tensors with the 
index structure of the full set of indices. The generalized Lie derivative of any generalized 
tensor vanishes when = d^'^Xi so that for any generalized tensor A we have 

C^+^-.9^A = C^A. (3.15) 

A remarkable and important property is that the generalized Lie derivatives of the 0{D, D) 
metric rjMN and the Kronecker tensor 5m^ vanish: 

£^r/M^ = 0, £gr7^^^ = 0, £^<5m^ = . (3.16) 

For example, 

This is unusual; in ordinary diffeomorphism invariant theories a constant world-tensor with two 
covariant or two contravariant indices does not have vanishing Lie derivative along arbitrary 
vector fields. 

An important consequence of C^i] = C^t]^^ = is that the constraint that "H is an 0{D, D) 
matrix is compatible with its gauge symmetry. Taking the generalized Lie derivative of the 
condition T-Lrjl-L = r]'^ gives 

{c^n)r]n + nT]{c^n) = o. (3. is) 

This means that 

{S^n)v'H + 'Hv{Si'H) = 0, (3.19) 

so that T-LriT-L = rj~^ is preserved by the gauge transformations, showing that the 0(D, D) and 
gauge symmetries are compatible. 

The constant tensors t] and 5 can be used to simplify and relate tensor expressions. The 
simplest generalized tensor is a scalar S for which 

£,^S = i^dpS. (3.20) 

A generalized tensor with two indices contracted, such as Am^ , is a generalized scalar (the 
definition (13. lip gives C^Am^^ = i^dpAu'^^). Any contraction of an upper and a lower index 
effectively removes both indices from the tensor. For a tensor Am with one index down we have 

C^Am = i'^dpAM + {dMi"" - 9^a/) Ap . (3.21) 
For a tensor A*^ with one index up we have 

C^A^' = e^'SpA*^ + {d^'ip - dpO , (3.22) 
so that C^A^^ = tj^^^C^Am as expected. 
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The algebra of generalized Lie derivatives is governed by the C bracket f ll.lQp . The commu- 
tator algebra of generalized Lie derivatives is most easily calculated acting on the generalized 
tensor Am- A straightforward computation gives 

[ 4 , 4 ] Am = -%.6]c^A^ + 6, A) , (3.23) 

where [■ , - jc is the C bracket defined in f ll.lQp and Fm is given by 

Fm{^i, 6, A) = -^^[iTV a'^esT ^Q^A^ + ^'^^[iM dQ^^] Ap , (3.24) 

which vanishes by the strong form of the constraint. Since we always assume this constraint, 
we have shown that acting on a field Am we have 

[4 ' ] = -4i,?2]c • (3.25) 

This commutator actually holds acting on arbitrary generalized tensors. Indeed, consider 
the action on the product of two one-index generalized tensors 

' -^6 (AmBn) = ( , Am) Bn + Am \ Cf-^ , C^^ ] 

(3.26) 

= ~^[(ii,£.2]c{AMBN)- 

By iterating this proof it follows that the commutator property fl3.25p holds for all tensors with 
lower indices. It also holds for tensors with an arbitrary number of upper indices. This follows 
from C^Tj^^^ = 0, 

[ A, , 4 ] A'^ =[C,,, 4 ] iv'^'^A^) = ry^^^ [ A, , 4 ] Ar, 

(3.27) 

We have verified explicitly that the commutator (13. 250 holds acting on With the identi- 

fication of 6^ with acting on "H we have that up to terms that vanish because of the strong 
form of the constraint, 

[%,5,,]7/*^^ = %,?^^^, (3.28) 

where ,^12 = —[^i,C,2]c- The gauge transformations close according to the C bracket. This is in 
agreement with jSj where it was shown that the algebra of the gauge transformations on S and 
d is given by the C bracket. 

3.3 Generalized Lie brackets and Dorfman brackets 

The usual Lie derivative of a vector field defines the Lie bracket through [X, Y] = CxY . 
This suggests defining a generalized Lie bracket through the generalized Lie derivative. This 
generalized Lie bracket, which we will refer to as a D-bracket, is thus defined by 

[A,B]^ = CaB. (3.29) 
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The D bracket is not skew-symmetric, as can be seen using f l3.22p . A short calculation shows 
that the D bracket differs from the C bracket fll.lQp by a term which has the structure of a 
trivial gauge parameter: 

= [AB]'^ + \d^{B^A^). (3.30) 

Generalized vectors that depend just on x and not on x decompose into a vector and a 1-form 
on the usual D- dimensional space with coordinates x*, and in that case it was shown in [3] that 
the C bracket becomes precisely the Courant bracket. In that same situation, the D-bracket 
becomes precisely the Dorfman bracket (see, for example [12], section 3.2) and our generalized 
Lie derivative becomes precisely the generalized Lie derivative introduced in [19] leading to the 
standard transformations of the metric and 5-field. Our C bracket, D bracket and generalized 
Lie derivative, however, have the advantage of being 0{D,D) covariant. For any totally null 
D-dimensional subspace N (i.e. any maximally isotropic subspace), we showed in |3] that the 
C bracket becomes the Courant bracket on A^. Similarly, the D-bracket becomes the Dorfman 
bracket on N and the generalized Lie derivative becomes that of [19j on N. 

The D-brackets inherit the properties of the familiar Dorfman bracket [T6j|^ They are not 
skew: 

[A,B]';;+[B,aY^ = d'^{B^A^), (3.31) 

but their antisymmetrization gives the C bracket [A,B]^ - [B,A]^ = 2[A,B]^ . It satisfies 
the Jacobi like identity 

^] d] D = [ ^] d] ' ^] D + ^] d] D • (3-32) 

Thus while the C bracket is anti-symmetric but does not satisfy the Jacobi identity, the D- 
bracket is not anti-symmetric but does satisfy a Jacobi identity. 

4 The gauge invariant action 

In this section we determine the gauge invariant action in terms of 'H'^^^ , which is equivalent 
to the original form (11. ip . This action will be manifestly 0{D, D) invariant and is further con- 
strained by a discrete Z2 symmetry. Moreover, we construct a function 7^(7^, d) that transforms 
as a gauge and 0{D, D) scalar and show that the action, up to boundary terms, can be written 
in an Einstein-Hilbert-like form. 

4.1 The 0(D,D) and gauge invariant action 

Given the 0{D, D) transformation properties of Ti^^^ , the partial derivatives d^, and the metric 
^MN _ ^^^^^ caji build 0{D,D) scalars by simply contracting all indices consistently. 

^Since the Dorfman bracket is not skew, it is usually not written as a bracket, but rather as a product: Ao B 
denotes what we call [A, _B]d. 
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The 0{D,D) transformations are global and there is no complication whatsoever with the 
derivatives. Examples of 0{D,D) scalars are 



n^'^'dMddNd, d^'n^'^'dMnKN. (4.1) 

There are a number of such 0{D, D) scalars and what we are looking for is a linear combination 
of them, each with two derivatives, that is gauge invariant. To simplify the problem we consider 
the one additional discrete Z2 symmetry the action is supposed to have. This is the symmetry 
hij — )■ —hij of the antisymmetric tensor field. This transformation must be accompanied by 
letting X — )■ —X as well as (9 — ?■ —d. In the original action (11. ip this is the symmetry under 
£ij — i- £ji as well asV -{^ V. In our present notation, where 

we will write 

d,^Zd,, with Z= , (4.3) 

where we used d, to denote the column vector associated with Sm- The matrix Z satisfies the 
simple properties 

Z = Z* = Z-^ , Z^ = 1. (4.4) 

When hij — —hij the off-diagonal matrices in ^^^^ change sign. So do the off-diagonal matrices 
in Hmn- This is accomplished by 

H" ZW'Z , -H.. ^ Zn,.Z . (4.5) 

The matrix Z does not correspond to an 0(-D, -D) transformation. Thus we find that 

rf'^Z^^Z, r],.^Zr]..Z. (4.6) 

We now see that terms built with S,,?/**, and Ti,,, with all indices contracted, will be Z2 
invariant. Indeed, each index appears twice and, under the transformation, generate two Z 
matrices in a product ZZ = 1. The Z2 invariance is violated if t]*' or t],, are needed to write 
the term ("H,, can be written with two 77's and "H"). Alternatively, the Z2 invariance is violated 
if we need to use the derivatives with an upper index. 

The above Z2 constraint is quite strong. It eliminates, for example, the second term in (14. ip . 
In fact, one can convince oneself that there is no Z2-invariant term with two derivatives and 
two appearances of the generalized metric. For terms that mix the generalized metric and the 
dilaton there are four options: 

dMddjvn^''', n^'^'dMddNd, H^'^'dudNd, dMdNn^'^ . (4.7) 



15 



The last one qualifies as an interaction because it is to be multiplied by e"^*^, just as every other 
term. By integration by parts we can show that in an action the last two terms are simply 
linear combinations of the first two. Thus our choices are 

duddnU^'' , H^''' OMdO^d . (4.8) 

Since we cannot have terms with just two generalized metrics, we look for terms with three 
of them (built without rf). There are just two options 

H'^^^ Om'H^^ Bn'Hkl , T-i^^^ Dn'H^^ diHiviK ■ (4-9) 

The action must be build by an appropriate linear combination of the four terms listed above, 
and multiplied by e"^'^. We claim that the gauge-invariant combination is 



S= dxdxC, (4.10) 



with 



V 8 2 
- 2dMd d^n^'^ + An^'^ dud dNd\ . 



(4.11) 



Rather than prove now the gauge invariance we first verify that the above action is equivalent 
to the double field theory action in |3]. Even more, the two corresponding Lagrangian densities 
are just identical. As a check we perform a derivative expansion C = C^'^'^ + C^^^ + C^"^^ in d as 
in [1]. For one finds 

V4 '4 ' 2 ' 2 ' ^4_^2) 

- ^W'd.-Hk^ diV,i^ - ^W'd.n''^ ^m^k - 2diddjW' + AW' d^ddjd^ . 

It is a straightforward though somewhat lengthy calculation to check that 

£(0) ^ g-2d (lgvd,g,i d.g'^' - ^g'^d.g"' dig^u - 2dd d,g'' + Ag'^dd d,d - ^H^^ , (4.13) 

where Hij^ = dibj^. + djbki + dkbij. This coincides with the expression found in eq. (3.18) of [1]. 
Moreover, C^'^^ turns out to be the 'T-dual' expression, where we note that under inversion 
duality 

di ^ d\ Wj , etc. , (4.14) 

i.e., C^"^^ must also coincide with the corresponding expression in The lemma that two 
0{D,D) scalars that agree in one 0{D,D) frame are identical ^ shows that the two La- 
grangians are identical. Thus (14. lip is the correct rewriting of the Lagrangian in terms of the 
generalized metric. 
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It is possible to understand the equality of the Lagrangians (14. lip and f ll.ip more directly. 
For this purpose it is useful to define 




(4.15) 



This definition allows us to write 

T^A^^ = e*^,e^-^7^^'-r/*^^, (4.16) 

as can be verified by a simple direct calculation of the components. We also have 

e^^du = A, (4.17) 

with the calligraphic derivative defined in (11. 2p . Next we will take terms in the new action and 
write them in terms of those in the old action. For the last term in (14. lip the computation is 
rather simple: 

m^^dMddNd = Ae^ie^jg'^dMddNd-Ari^^dMddNd 

= Ag'^e^'idude^jdNd (4.18) 
= Ag'WidVjd, 

where we used the constraint, (I4.16p . and (I4.17p . The right-hand side is the last term in the 
Lagrangian (II. ip . Other terms require more work because they contain derivatives of l-i^^ . A 
short computation with the next to last term in (14. lip gives 

-2dMddNn^^ = -2dMddN(e''ie^jg'^) 

^ ^ (4.19) 

= -2d''d VjSk^ g'' - 2 d^Skj g'' - 2 V.g'^ . 

At this point we can replace the (9-derivatives using the identity = {T>^ — V^)/2, and one 
quickly finds that 

-2dMddNH^''' = g''g'''{VidV,£k, + V4ViSk,) . (4.20) 

The right-hand side describes the next to last terms in the Lagrangian (II. ID ! One must work 
harder to write the pure generalized-metric terms in terms of £ and calligraphic derivatives. 
But the results are still simple, with a rather direct correspondence between the terms in the 
two actions. We have verified that 

^-U^^'dMU'''' BnUkl = -\ g'^g'' V^E^i Vp£,, , (4.21) 

showing that the first terms in the Lagrangians are equal. In doing this computation the 
strategy is that terms with S fields and no derivatives have to combine and disappear, leaving 
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at most metric components gij. Finally, given the equality of the Lagrangians, the last two 
structures have to coincide, 

- ^-H^^^S^v-H^^ Ol-Hmk = Ig"' {V'S,kV'8,i + V^E^i &£i,) . (4.22) 

In total we conclude that all terms in the action can be identified naturally. 

We note, in passing, that integrating by parts in the last term of the action defined by (14. lip 
we can get the simpler, three term action: 

S = J dxdxe-^''(^^n'''''dMn'''' dNHKL-^n^'^dNH'''' dLHMK + 2n^'^ dM (4.23) 

Another set of integration by parts leads to an action where the Lagrangian takes the form of 
g-2d-^ where 7^ is a gauge scalar. This is what we discuss next. 



4.2 Generalized scalar curvature 

A reasonable assumption is that the analogue TZ of the scalar curvature is just the dilaton 
equation of motion, a feature that it shares with the scalar curvature constructed in [1], and 
that found in [8j. Using the Lagrangian (14. lip a simple computation gives the equation of 
motion of the dilaton, and we thus define: 



- 4 H^'^'dud d^d + 49Af H^''^ d^d 



(4.24) 



- ft Om tt Cat TtKL ~ T^ri- '^M ri Ok tInL 
o Z 



The claim, to be proven in the following subsection, is that TZ so defined is a gauge scalar. We 
can confirm that this is in fact the same as the scalar in [1]. The verification uses the equation 
of motion of the dilaton from (14. lip . The simplicity of this is that the Lagrangian here reduces 
to C^^\ The variation of the dilaton in the Lagrangian (but not the exponential) then gives 
additional terms that are total derivatives and a short computation shows that they coincide 
with the total derivatives in equation (C.27) of [4j. This confirms that the dilaton equation of 
motion does equal the curvature invariant. 

We now confirm that the action (14. lip , up to total derivatives, takes the form 

S = j dxdxe-^'^n . (4.25) 

To see this we consider the last two terms in the Lagrangian of (14. lip . Simple manipulations 
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show that 

e-^'' ( - 2dMd dNH""'^ + m^"" dud dNd) 

(4.26) 

We recognize that the terms within the last parentheses are the first four terms in TZ, as given 
in (I4.24p . Looking back at (14. lip and TZ we conclude that 

C = e-^^n + 9A/(e-2^ [dNH'''' - AU^^'dNd]) . (4.27) 
4.3 Proof of gauge invar iance 

We prove now the gauge invariance of the action. For this purpose we consider (I4.25P and we 
will show that 7^ is a gauge scalar, namely, 

5{R =C^TZ= ^^^OmTZ. (4.28) 

Given that the dilaton exponential transforms like a density: 

6^e-'' = dM{^''e-'''), (4.29) 

the invariance of the action S follows immediately. 

We use the same strategy as in [1] to prove fl4.28p . Since all indices are properly contracted, 
we only need to focus on the non-covariant terms in the variation of partial derivatives. Thus, 
for example, a short calculation shows that 

{dM'H'''') = £g (9a,/-H^^) + ^p^"^^ - S^M^p^^^ -H^)^ + 29M9(^ep 'H^)^ • (4.30) 

The first term is the covariant one. The second term vanishes due to the constraint, and 
consequently this term and analogous ones in the formulas below will be ignored in the following. 
We will write, for any object W, 

6i:W = C^W + Ai:W , (4.31) 

so that A^W denotes the violation of W to transform as the tensor associated with its index 
structure. Since 6^ is a linear operation 

S^{WV) = {6^W)V + W{6^V) 

= {C^W + A^W)V + W{C^V + A^V) (4.32) 

= C^{WV) + {Ai:W)V + W{A^V) , 
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showing that the violation is also a derivation: 

A^{WV) = {A^W)V + W{A^V) . (4.33) 

Using the notation in fl4.3ip . the variation in fl4.30p is 

A^(aAfH^^) = -2dMdp^^''n''^'' + 2dMd^''^pn''^'' . (4.34) 

The contraction of the above is useful, 

A^idM-H^'^) = -dp{d-0'H''''-dMdpe'H^'^ + dMd^^p'H^'' . (4.35) 

Since 6^7] = Crj = we have A^rj = and we can directly raise and lower indices in formulae 
for A^W. Thus, fOij) gives 

A^idK-HNL) = -^dKd^'i^N'HDP + 2dKdi^Me Udp . (4.36) 

We also need 

[dMdNH'''') = - 2 dM{d ■ dN'H'''' - 2dMdN{d ■ ^"'^ - ^m^^^'' dpU'''' , 

A^{dMd) = -^dMd-^, (4.37) 

Ag {dndNd) = OmOn^^ dpd - ^ dMdN{d ■ • 

In light of the above discussion, we need to show that 

A(:n = . (4.38) 

We begin with the first two terms in TZ, those that contain second derivatives of fields. A short 
calculation shows that 

Ag f 4 U'^'dMdNd - dMdN'H""') = 4H^^^ dMdN^^'dpd + 29m9 ■ ^ ^ ^ 

V y (4.39) 

+ dMdj.edpn''''' . 

The virtue of the above combination of terms is that variations with three derivatives on ^ 
cancelled out. Next we aim to cancel the term above of the form H d^^ dd. For this we use the 
next two terms in TZ. A short computation gives 

Ag (AdMn^^'dNd - 4-H*^^ duddNd^ = -An^'^ dudNi^'dpd - 29^9 ■ ^ dMH^''' ■ (4.40) 

Comparing with the previous equation we see that two terms are in fact cancelled and we get 

A^{A'H^'^dMdNd-dMdN'H'^'' +4.dM'H''''dNd-AH^'^ duddNd^ = dudNi'^dpH^'^ . (4.41) 



20 



The violation in the right-hand side can be cancelled by one of the remaining terms in TZ: 

A^^-^n'''^dMn^'dKnNL)= -dMdr.edpn'''^ ^^^^^ 

We can show that the underlined term is in fact zero because it is equal to minus itself: 

Ok ft ft ftNLUMO — ~ OKftNLft ft OmO l;p 

= - dKn'"'H''''HMN d^'dL^p 

= -dKV-''''U^^U,^d^dMip ^ ■ ^ 

— ~ Oxft ft ftNL OmO q,p ■ 

In the first step we used OkW^^^Hnl = -U^^^OkUnl, which follows from H^'^Unl = Sff . 
As a result fl4.42p becomes 

A« (-i^^^^^^M^^^ dKnNL) = - dMdNedpW''' - OkU'''' U'^'-Unl dudp^ • (4-44) 

The first term on the right-hand side is suitable to cancel the violation in ( 14.4ip but we got an 
additional term. This term requires the consideration of the one remaining term in TZ. A short 
calculation gives 

A^i^-u'^'^dMn^'^d^nKL) = IdMH^'d^dKe - d^^K)n^''^nLP . (4.45) 

Using manipulations similar to those in fl4.43p show that the two terms in the above right-hand 
side are actually equal so that 

— Oxft ft ftNLOAlOpl; , 

using additional manipulations for the last step. This result, together with (I4.44p . gives 

(l7/^^^9M^^^5;v^i.L - ^?^^^^9m^^^ OkKml) = -dMd^edpH'''' . (4.47) 

At this point it is clear that the violation of these two terms cancels precisely with the 
violation of the other four terms in TZ, as shown in (14.410 . We thus find that A^TZ = 0, which 
is what we wanted to show. This completes the proof of gauge invariance of the action. 

4.4 Generalized Ricci curvature 

We have seen that the dilaton field equation gives a generalized scalar TZ that can be viewed as 
a generalisation of the scalar curvature. In this subsection we consider the field equation for 
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which provides a natural generahzation of the Ricci curvature. The change in the action fll.lSp 
under a general variation 51-1^'^^ of T-i^^^ is 

5S = j dxdxe-^'^ 6n^^^)CMN , (4.48) 

where 



)Cmn = I dM'H'''^ BnUkl --AdL- 2{dLd)){n''''dKnMN) + 2 dudNd 
o 4 

— 2^(*^'^^^ ^lHn)k + -(<9l — 2{dLd)) (H^^d(^M'HN)K + 'H^ (udx^H^ n)) 



(4.49) 



As 7/ is constrained to satisfy 'Hrj'H = r]^^, the equations of motion are found by considering 
variations that preserve this constraint. The varied field = 7^ + 5?^ will satisfy T^'r/T/' = ri~^ 
provided 

snvn + nr]5n = o. (4.50) 

Using (12. 6p we rewrite the above as 



sns' + ssn = 0, (4.51) 

and recalling that S*^ = 1 we have the constraint 

sn = -ssns'. (4.52) 

Since |(1 ± 5), acting on vectors V = V'^^ with upper indices, can be viewed as projectors into 
subspaces with S eigenvalues ±1, any matrix M = M^™ can be viewed as a bivector and so 
written as the sum of four projections into independent subspaces: 



(4.53) 



M = ^{1 + S)M{1 + S') + ^{1 + S)M{1-S') 

+ ^(1 - S)M{1 + S') + ^(1 - S)M{1 - S') . 

It then follows that the general solution of fl4.52p is given by 

sn = ^(1 + S) Mil - S') + ^(1 - S)Mil + S') , (4.54) 

where Ai is an arbitrary matrix that must be symmetric to guarantee that SH is symmetric. 
Inserting this in fl4.48p and letting K, denote the matrix with components JCmn gives 



= j dxdxe-^'^Ti{S'HK:) 

= J dxdxe-^'^Tif^M ^(l-5*)/C(l + 5) + i(l + S*)/C(l-5) 



(4.55) 
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The field equation is then 

Hmn = 0, (4.56) 
where the matrix TZ, whose components are TZmn, is given by 

7^ = ^(1 - 5*)/C(l + S) + i(l + 5*)/C(l - S) . (4.57) 

Restoring the indices we have 

TZmn = ^(^m"' - S'' m) ICpq (5«jv + S'^ n) + ^(^a/ + 5^a/) /Cpq (5^^ - ^«^) . (4.58) 

The field equation TZmn = combines the field equations of the metric g and the 6- field in 
an 0{D, D) covariant form and TZmn provides a generalized Ricci curvature. We will discus it 
further in section 5.4. 



5 Vielbein formulations 

In this section we discuss reformulations of the double field theory written in terms of viel- 
beins or coset variables instead of the metric "H, introducing variables similar to those used 
in dimensional reduction of supergravity theories. When dimensionally reduced on a D-torus, 
the familiar field theory of gravity plus b-field arising in supergravity theories gives a theory 
with 0{D, D) duality symmetry. In particular, the scalar fields originating from the metric and 
b-field on the torus take values in the coset space 0(D, D)/0{D) x 0{D) [I2l [131 E]- Scalar 
fields such as these that parameterize a coset space G/ H can be represented by a group- valued 
field V(x) G G, which depends only on the non-compact coordinates and transforms as 

V\x) = gV{x)h{x) , geG, h{x) e H (5.1) 

under local H and rigid G transformations. The theory can also be written in terms oiTi = V^V, 
which is iZ-invariant and reduces io Ti = V*V if V is a real matrix, as in our case. 

For GjH = 0{D,D)/0{D) x 0{D), the matrix V*^a has an 0{D,D) index M and a 
0{D) X 0{D) index A. The vielbein V*^a corresponds to the matrix hs in (12. lip , which 
indeed transforms from the left by the G = 0{D, D) action and is well-defined only up to local 
H = 0{D) X 0{D) transformations from the right. We define the iJ-invariant T^ma? 

y^MN ^ ^M^^N^^AB _ ^5 2) 

This definition coincides with f l2.15p and thus "H^Af jg ^j^g inverse generalized metric. Any 
action for which V enters only through "H is automatically if-invariant. The standard sigma 
model Lagrangian reads £ = Tr [Ti^^d^T-L Ti^^daTi] . An alternative formulation of this sigma 
model was found by Maharana and Schwarz \L2\ involving a vielbein e^a, where a = 1, . . . ,D, 
and in this formulation the local symmetry is GL(D,]R) instead of 0{D) x 0{D). 
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Siegel generalised this by using similar variables for the whole space-time, not just an internal 
torus. In [9] he rewrote the metric and b-fields in D-dimensional flat space in terms of a 
Maharana-Schwarz-like vielbein e*^a depending on all the space-time coordinates, not just the 
non-compact ones. Then in [S] he extended this further to a doubled space-time with 2D 
coordinates X transforming as a vector under 0{D,D) and a vielbein e^^(X) with a local 
GL{D,M.) X GL{D,M.) symmetry. This formulation reduces to the coset space formulation 
with one gauge choice and to the Maharana-Schwarz-like formulation with another. Neither 
e*^A(X) or e^'\{X) are coset representatives, but fixing the GL(Z},M) x GL{D,'R) symmetry 
to 0{D) X 0{D) does give a representative of the coset 0{D, D)/0{D) x 0{D). Models with 
fields taking values in a coset G/H and depending on coordinates X that transform under G 
were discussed in [20], motivated by earlier use of such variables in e.g. [21j and [22]. A key 
feature is that such models allow for more general G-invariant actions, as the derivatives Bm 
now carry the same kind of index as 7/^^ or a- Consequently, contractions between indices 
on derivatives and indices on matrices are now possible, as arising in our action (14. lip . 

Here we will discuss reformulations of our theory in terms of vielbeins e^'^ a{,X) or e*^a(X), 
and use these to explore the geometry further. In this way we show how our formalism is related 
to that of Siegel, giving a different approach to his formalism here. 

5.1 General frames 

We start by choosing a basis of vector fields a for the doubled space, where M is the usual 
vector index and A = 1, . . . , 2D labels the basis. Then e^^ a is a 2D x 2D invertible matrix 
field, and its inverse e^M can be regarded as a vielbein for the doubled space. The metrics T-L 
and rj then have frame components 

Uab = e^'Ae'^BV-MN (5.3) 

and 

Vab = A e^B Vmn , (5.4) 

where the " indicates that for general frames this will be a function of X. There is a local 
GL{2D, M) action on frames 

e*^A ^ e%A^A, A{X) eGL{2D,R). (5.5) 

The inverse metrics have frame components defined by 

njAB _ A B njMN -xAB _ A B MN (r f'\ 

and it follows from these definitions and (II. lip that, as expected, these are the inverses of Hab 
and fiAB- 

n^'^ncB = s^B , v^'^vcB = s^B ■ (5.7) 
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Using the above formulae, it follows that 

e%(r/*'^e%r/Bc) = S^c , (5.8) 
so that the inverse vielbein is given by 

M MN B - n\ 

e c = rj e nVbc ■ (5.9) 

Thus it is fully consistent to raise and lower M,N, . . . indices with t/mn and the tangent space 
indices A,B, . . . with fjAB, and we will do so throughout this section. 

The tangent space group GL{2D,M.) can be reduced by restricting to a basis with special 
properties. For example, a basis that is orthonormal with respect to t]mn will have 

e AC bVmn= [i q) Vab = U gl • (5.10) 

Restricting to such bases will restrict the tangent space group to 0{D,D). Similarly, a basis 
that is orthonormal with respect to Hmn will have 

e'^ A<^^ b'Hmn = Sab — ^ 'Hab = Sab- (5-11) 

Restricting to such bases will restrict the tangent space group to 0{2D)E Restricting to 
frames which are orthonormal for both metrics H and rj reduces the tangent space group to 
0{D) X 0{D). 

5.2 Frames with GL{D,R) x GL{D,R) symmetry 

Here we will be interested in a different reduction of the frame bundle in which the structure 
group is reduced to GL{D, M) x GL{D, M). The doubled space is equipped with the two metrics 
T-L and r/ so that S = ri~^l-L satisfies 5*^ = 1 and is an almost local product structure or almost 
real structure (the analogue of an almost complex structure satisfying = —1). This allows 
the splitting T = T+ © T_ of the tangent bundle T of the doubled space into the subbundle T+ 
of vectors with S eigenvalue +1 and the subbundle T_ with S eigenvalue —1. We will choose 
a basis of D vectors e*^a for T_ (a = 1, . . . ,D) and a basis e*^a {a = 1, . . . , D) for T+. Then 
A = (a, a) is an composite index and we have 

e^A = [e^-a e^\) = (j "^1 , (5-12) 



where 



(5.13) 



^This is for the case in which gij and Hmn are positive definite. For gij of signature {p, q), Hmn has signature 
(2p,2g) and orthonormal frames will have T-Lab the constant Minkowski- type metric of signature (2p, 2q), and 
the tangent space group would be 0{2p,2q). Throughout this section, we will present results for the case in 
which gij is positive definite, but our formulae all have natural generalisations to the case of general signature. 
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As T-Lmn = VMpS^j^ these imply 

nj N N 

riMN e a — —Vmn e a , 

u N N 

riMN e a — VMN & a ■ 

Contracting each of these with a vielbein we obtain 

nj M N M N . nj 

riMN ^ aG b — —Vmn G b — ^ Ttab — —Tjab 

nj M N M N . nj 

riMN G aG b — Vmn g b ~^ riab — Vab ■ 



(5.14) 



(5.15) 



Additional information comes by considering T-Lmn a^^h- Evaluating this term using the 
first and second equations in fl5.14p gives 

nj „M „Af_ _ (nj ^M \ ^N _ _ ^ ^M ^N _ 
riMN^ b — [riNM e aje jj — —VmN& bi 

(5.16) 

nj ^M ^N_ _ (nj ^N_\^M _ ^ ^M ^N_ ^ ^ 

riMN^ aG b — {riMN G b)^ a — VMN ^ a 6 f, . 

Since the two evaluations differ by a sign, the term in question vanishes. This means that 

"Hab = , r)a5 = , 

(5.17) 

"Haft = , 57ab = . 

We define gab and g^i as the nonvanishing components of the flattened metric 17^^, with factors 
of two introduced for later convenience, 



_ 1 M TV _ - 

dab = —-VMN^ aC b — ~-Vab , 

_ -'- M N 1 - 

9ab = ^VMNC ae I = -Vab- 



(5.1^ 



The above results are summarized by giving the flat components of "H and v'- 

Uab = 2 (J M , V^B = 2 (J ° ] . (5.19) 



gabj V -9ab 

If the original metric gij is positive definite, then Hmn and Hab are positive definite. Thus, 
gab and gai are positive definite as well, while vab has signature {D, D). (For other signatures, 
if gij is invertible, then so are gab and gai-) 

Choosing frames in this way reduces the tangent space group to GL{D, M) x GL{D, M) with 
one GL{D, M) factor acting on the indices a, b as frame rotations of T_ and the other GL{D, M) 
factor acting on the indices d,b as frame rotations of T+. The 0{D,D) and the local tangent 
space symmetries then act on the frame field as follows 

e'^A(X') = e'' b{X) A\{X) , (5.20) 
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with h e 0{D,D) and A(X) e GL{D,R) x GL{D,R), so that 



A B = " , (5.21) 

with A"^ in the first GL{D,R) and A"b in the second GL{D,R). Here X' = hX as before, so 
that the coordinates transform under 0{D,D) but are inert under the tangent space group. 
This is Siegel's vielbein formahsm with GL^D,^) x GL(D,]R) symmetry [8J. 

Following [8] we consider gauge fixing the tangent space symmetry. We use one GLlDjE.) 
symmetry to choose Qab = |5a6 and the other GL{D, M) symmetry to choose (7^5 = ^S^b. Then 



The basis is then orthonormal with respect to both "H and rj and the tangent space group is 
reduced to 0{D) x 0{D). Then implies 

'Hmn = ^AB e'^Af e^AT , (5.23) 

so that "H^^ = e*e and e'^Af is a vielbein for the generalized metric. The matrix t^ab appearing 
in fl5.22p differs by a similarity transformation from rjMN'- 

We then have 

Vab = e^^Ae^BVMN, where e'^^ a = e^B cr^^ . (5.25) 

This is verified by expanding the right-hand side, using (15. 4p . and the relation (I5.24p that 
follows from the gauge fixing. The result f l5.25p means that e is an 0{D,D) group element. 
Thus, e'^^ A is an 0{D,D) matrix transforming under a rigid 0{D,D) transformation h and a 
local 0{D) X 0{D) transformation A{X) as 

e'(X') = he{X)A{X) , (5.26) 

where X' = hX. The gauge equivalence classes of e under the local 0{D) x 0{D) symmetry 
can then be identified with fields taking values in the coset space 0{D, D)/0{D) x 0{D). In 
this way we recover the familiar coset space variables. 

5.3 Frames with GL(D,IR) symmetry 

We now return to the general situation with the full GL{D, M) x GL{D, M) symmetry and show 
that the geometry can be formulated in terms of the frames for T+: 

e". = (f) . (5.27) 
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There is a local G'L(D,M) symmetry acting on the index a. In matrix notation, 



e*^ ^ e*^A, AeGL(Z},M). (5.2^ 

We note that fl5.19p implies 



yAB _ 1 If' \ _l If' . 



where g is the inverse of Qab and (yf*^ is the inverse of g^i. Then 

= (^f - • (5.30) 

Acting on this with a e^s gives 

H^^ = e^,e^/^-r/*"^. (5.31) 

As g^i is given in terms of the e^' a by flS.lSp . it follows that (I5.3ip gives an expression for the 
generalised metric in terms of the T+ frames e^^ a alone. 

The components of 'H^^^ are given in fl2.22p and this can be used to find expressions for gij 
and hij in terms of the frame fields. First, the lower right block of (12.22P is IV^ = g''^ and using 
this in f l5.3ip gives 

g'^ = e^.e^'s/'. (5.32) 

Remarkably, this implies that e*a is non-degenerate and can be viewed as D x D frame fields 
to convert the indices to fiat indices a,6, .... Moreover, ggj^ are precisely the frame 

components of gij. The inverse of e*a is then the vielbein 

e\ = g^e^ig^^ . (5.33) 

Similarly, the upper right block of fl2.22p is "Hj-^ = bikg^^, and using this in fl5.3ip gives 

kkg"' = erae^ig~^'-6,^ . (5.34) 

Multiplication by gjp quickly leads to 

^ij ~ gij "l~ ^ij ~ ^ia 6 j • (5.35) 

Thus, in addition to the vielbein that gives a 'square root' of the metric gij in fl5.32p . there 
is a field Cia which can be viewed as a second vielbein that incorporates the 6-field and which 
gives a factorisation of £. The contraction of upper and lower a indices in f l5.35p implies that 
£ij is invariant under GL{D ^M). Thus the generalised metric % and £ are both given in terms 
of the frame fields a {a = 1, . . . , Z)) for T^. This is essentially the two-vielbein formalism 
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given in [9] for fields depending on the spacetime coordinates and extended to doubled fields 
in [8]. 

The linear transformation of e^^a under 0{D,D) then implies that £ij = eiae°'j transforms 
by the fractional linear transformation f ll.3p . To see this we use matrix notation and denote 
the D X D matrix components of e'^^g, as e and e, such that S = ee~^. They transform under 
the 0{D, D) group element in fll.3p as follows 

e\ /a 6\ /e\ /ae + he\ 
e) \c dj \ej \ce + dej 

This implies for the transformation of S 

S — !■ (ae + be) (ce + de)^^ = (^aee~^ + 6) ee~^ [cee^^ + d^ ^ (5.37) 
= {aS + h) {cS + d)-^ , 

which is the fractional linear transformation fll.3p . as we wanted to show. 

We next fix the local GL(Z},]R) symmetry fl5.28p . One possibility is the gauge choice ggj, = 
5 ah- This makes the frame ortho normal so that one has the usual Qij = e"j e'^j 6^1, and the tangent 
space group is reduced to 0{D). Alternatively, the GL{D, M) symmetry can be completely fixed 
by choosing the gauge 

^^(D.M) gauge fixing : e\ = S\ . (5.38) 

In this gauge we identify fiat indices a, b and world indices i, j. It follows that gij and gg], become 
identical matrices on account of f l5.32p . Moreover, we have = S'^i and equation f l5.35p gives 

^ij ^ia ^ j ^ij • (5.39) 

As a result, we have 

e". ^ . (5.40) 

This is then precisely the field defined in f l4.15p . The derivatives with frame indices reduce in 
this gauge as follows 

Dg = e^-adM A, = e^.dM = V,, (5.41) 

recovering the calligraphic derivative as in ( I4.17p . In this way we provide a geometric setting 
for the equations that were used in §4.11 in order to discuss the equivalence of the actions in 
terms of S and Ti. 

Similar arguments lead to completely analogous results for the frames of T_. The frames of 

T_ are 

= ('f] ■ (5-42) 
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The generalised metric is given by 



the inverse metric is 

9'' = e\e\g'^\ (5.44) 
and e*a is non-degenerate with inverse given by the vielbein 

e\ = 9^Je\g'"' . (5.45) 

Furthermore, 

^ji 9ij ^ij ^ia 6 j y (5.46) 

SO that 

= -ejae\. (5.47) 

The GL{D, M) symmetry acting on the indices a,b, . . . can be completely fixed by choosing 
the gauge e\ = 6\. In this gauge we identify flat indices a,b and world indices and the 
matrices gij and gab- The frames e^^ a become 

e". ^ (^j . (5.4S) 

The flattened derivatives in this gauge are 

Da = e^adM ^ A = e'^'.dM = A, (5.49) 
giving the unbarred calligraphic derivative deflned in (II. 2p . 



5.4 Gauge choices and applications 

The doubled space has two metrics: the flxed metric rj that appears in the constraint rj^^^dMdN = 
and the dynamical metric T-L, which encodes the space-time metric and 6-fleld. As we have 
seen, the geometry could instead be formulated in terms of tj and the frames e^a, in terms of 
T) and the frames e^^, or in terms of e^^ a and t]. 

The theory can be rewritten in terms of the frame fleld e^a, giving a theory with a local 
GL{D,M.) symmetry. An advantage of this formalism is that e^^a is unconstrainedEI In this 
subsection we use the frame formulation to investigate the relation between the formulation in 
terms of Sij and in terms of "H. 

As we have seen, the GL{D, M) gauge symmetry can be completely flxed by the gauge choice 
= so that the frame fleld is given in terms of S by fl5.40p . Together with f l5.3ip this 

^ If we are to restrict to non-degenerate metrics gij , then certain invertibility requirements need to be imposed 
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gives a rewriting of the 7^-based theory in terms of 8, and this was the strategy used in section 
4 to show the equivalence of the action f ll.lSp in terms of l-i and the action (11 .ip in terms of £. 

Next we use the frame formahsm to relate the gauge transformations of £ to those of "H. 
The gauge and GL(D,M) transformations of the frame field e^^ a are 

(5.50) 

— ^ a — (JRC, e a + C ^ii-e a + e a ■, 

where E^^ is the local GL[D, M) parameter. Then "H^^^ is given by (I5.3ip and is a GL{D, M) 
singlet and transforms with the generalized Lie derivative under the gauge transformations. 
The gauge condition e\ = 6\ is not preserved by the ^ gauge transformations and so these 
must be accompanied by compensating GL(D,M) transformations. The transformation of the 
gauge-fixed component e\ is 

Se'-a = -dKCe''-a + d'^Ke''-a + e\J:'-a (5.51) 

where we used (I5.4ip . which holds after gauge- fixing. In order to preserve the gauge condition 
we need Se^g. = and therefore a ^-transformation must be accompanied by a compensating 
GL(D,R) transformation with parameter 

E^', = - ~d'i - Ski , (5.52) 

where we have used that after gauge- fixing £ij = Cij, and 'world indices' are identified with 'flat 
indices'. Now, from (I5.40p we have in this gauge 

5e^, = (^^^'^ . (5.53) 

The ^ variation of Sij can thus be found by substituting (15.530 in (I5.50p and using (I5.52p . 

6S,j = edK£^,-dKlie'',+d,iKe'',+£,k^^, (5.54) 



ik 



= vi, - v.l, + e^K£^J + £kj + v.e £^k . 

This is precisely the gauge transformation (ll.Sp of £ij, and thus we have shown that this can 
be understood as arising from a geometric transformation and a compensating tangent space 
rotation. 

Alternatively, the theory can be rewritten in terms of the frame field a-, giving a formu- 
lation with local GL{D, R) x GL{D, R) symmetry as in [8]. This can be done by writing Ti + r] 
in terms of e'^s, using (15.3 ip and writing l-i — r] in terms of using (I5.43p . Note that (I5.16P 
implies 

6 a ^ib + Cm 6 b = . (5.55) 
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The gauge transformations are 

de'^A = C^e^'A + e''BT.''A , (5.56) 

where the parameter S takes values in the Lie algebra 0[(D,]R) © gl(Z^,M). 

We can gauge-fix the GL{D,M) x GL{D,M) completely by setting = and e^a = ^*a- 
Then the indices a, 6... and a,b.... are both identified with the world indices i,j,--- and we 
identify the component e^a with Sij as before. Then the constraint fl5.55p determines e^a to be 
Bin. = —Sai] thus we have 



The components of the 'flattened' derivative in this gauge become, on identifying the indices 
i with both a and a, 

Da = c^'aOm Da = Va, D-a = V-a. (5.58) 

In this gauge the flattened derivatives are the calligraphic derivatives as in (15.411) and fl5.49p . 

As an illustration of this formalism we translate the strong constraint d^^ JOmq = into the 
language of calligraphic derivatives. It follows from the second equation in (15. 6p that 

^MN ^^AB^M^^N^^ (5.59) 

It thus follows that 

= V^'^'dMlOMg = d''fdM9 = t^e^Ae'^BdufdNg = fi^^ DaJ DbQ 

= ^g-^' D-J Dig - ^g'^'DJ D,g = ^g'^ V,f V,g - ^g'WJ V,g (g gQ) 

= -l{V'fV,g-V'fV,g) , 

where we used the expression for fj^^ in (I5.30p . the identiflcation of gab and g^i with gij, and 
(I5.58p . This is the constraint in calligraphic derivatives 

The frame flelds are useful in the discussion of the generalized Ricci curvature introduced 
in §4.41 The tensor ICmn given in (I4.49P has frame components 

ICab = lCMNe'\e% = (^'' ^'') . (5.61) 

As \{1 + S) projects onto barred indices and \{1 — S) projects onto unbarred indices (see (I5.13P ). 
the frame components of (I4.57P are 

■Rab = nMNe''Ae% = ^f^ , (5.62) 

so that the unmixed components vanish, TZab = 'Ral = O5 and the mixed ones are determined 
by the mixed components of /C, so that TZ^i = fC^i- 
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6 Conclusions and Outlook 



In this paper we have reformulated the background independent double field theory of [1] in 
terms of the generalized metric Hmn- The action and gauge transformations simplify signif- 
icantly when written in terms of H, and the proof of gauge invariance is considerably easier 
than the one given in [1]. The generalized metric transforms covariantly under 0{D,D) and 
as a result the action and gauge transformations are manifestly 0{D,D) covariant. The gauge 
symmetry acts nonlinearly on the fields Qij and bij (or Sij) used for the formulation in [4] but 
becomes linear when written in terms of I-Lmn- The gauge algebra of double field theory is 
characterized by a C bracket that is the natural 0{D,D) covariant extension of the Courant 
bracket to doubled fields. The C bracket reduces to the Courant bracket when the fields are 
restricted to a null subspace. The action in terms of "H can be seen as a generalization of a 
non-linear sigma model based on the coset space 0{D, D)/ {0(D) x 0(D)) in which the coor- 
dinates transform under 0{D,D). The generalized metric Hmn can be viewed as a composite 
field defined in terms of a metric g and an antisymmetric tensor b. Alternatively, Hmn can 
be viewed as an elementary field that is constrained to be a symmetric 0{D,D) matrix. The 
constraint can be solved by writing "H in terms of frame fields, so that these frame fields could 
be viewed as the basic fields of the theory. 

We defined a generalized Lie derivative that was suggested by the linear form of the gauge 
transformations of 'H^'^ and introduced generalized tensors that transform with this derivative. 
We explored the properties of these derivatives in some detail. It is crucial that the Lie derivative 
of the 0{D,D) metric rj^^'^ vanishes, so that the 0{D,D) structure is preserved by the gauge 
transformations. The commutator of two generalized Lie derivatives is again a generalized Lie 
derivative with parameter obtained through the C bracket. The generalized scalar curvature TZ, 
built with two derivatives acting on the generalized metric and the dilaton, indeed transforms 
as a generalized scalar. 

We have discussed the relation of our work to that of Siegel [HI |9]. The frame fields with 
tangent space symmetry GL{D, M) x GL{D, M) have simple transformation properties and the 
fields H and S were constructed in terms of these. The frame variables were useful in showing 
the relation between the theory written in terms of "H and that written in terms of In [Hj, 
Siegel introduced covariant derivatives and curvatures constructed from the vielbein fields and 
used these to write an action. Its relation to our actions should be investigated. 

The 'generalized metric' T-Lmn should properly be regarded as a conventional metric on the 
doubled space. It is only unusual in that this metric is constrained to be an 0{D,D) matrix. 
The metric Hmn is the natural extension of the generalized metric of generalized geometry to 
doubled fields. It is intriguing that two key ingredients of generalized geometry play central roles 
in the double field theory: Courant brackets and the generalized metric. There is much that 
remains to be understood of the geometry underlying the double field theory. We have found 
a natural field strength transforming as a scalar under the gauge transformations, and the field 
equation for Ti gives a generalisation of the Ricci tensor, but we do not have an understanding of 
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these as curvatures. It would be of considerable interest to develop a geometric understanding 
of our results, perhaps combining ideas from generalized geometry with the constructions of 
Siegel. This would help in constructing gauge-invariant higher derivative actions. 

Our results in this paper use the strong version of the d^fd^ = constraint, which requires 
that all fields and products of fields are in the kernel of OmQ'^^ ■ This strong form of the 
constraint implies that all fields and parameters depend on just D of the 2D coordinates, so 
that the theory can be viewed as a conventional theory living on a D dimensional subspace of 
the doubled spacetime. The most important outstanding question is whether there is a gauge 
invariant theory in which only the weak form of the constraint is imposed, so that each field 
satisfies the constraint, but products of fields need not do so. Such a theory would depend 
non-trivially on all the coordinates of the doubled spacetime and so would be a true double 
field theory. This theory was constructed to cubic order in [2] and shown to be gauge invariant 
using only the weak form of the constraint. Its extension to higher orders, however, necessarily 
involves new structures and the exphcit appearance of a projector onto the kernel of dud^ [2]. 
We hope that the geometric structures discussed in this paper will be useful in the quest for 
such a theory. 
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